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ABSTRACT

The real Gama Function 1'(a) is defined in the field of real number with a>0. It is infinite and

meaningless in the field with @ <0, However, according to the continuation theory of function at

present, except at the points a=0, =1, =2, =3,-- T'(a)can be extended to the field of negative

number with <0 It is pointed out that this continuation leads to infinite and is meaningless. The
reason is that the form of Gama function has no any change in the extended field, so that
contradiction is caused. It is proved that the single complex continuation of Gama function does not
satisfy the Cauchy-Riemann equation, so it is not an analytic function. But the double complex
continuation of the Gama function satisfies the Cauchy-Riemann equation and is an analytic
function. Also, it is proved that the complex continuation of the complementary formula of the Gama
function is incorrect. The correct result is calculated in the paper. The influences of these results on
the Riemann Zeta function equation and the Riemann hypotheses are discussed. According to the
correct formula, the zeros of Zeta function equation are located on the points

a=%x1/2, £3/2, £5/2-- 50 the Riemann hypothesis does not hold. The complex continuation of the
Euler formula of prime numbers is also discussed. It is proved that the real part of the complex
continuation formula is different from the original Euler formula of prime numbers. Because the
trigonometric functions are contained in it, which my be irrational numbers, the extended formula
does not describe the relation between natural numbers and prime numbers again. Therefore, the
complex continuation of the Euler formula of prime numbers is meaningless in number theory. We
can not discuss the distribution of prime numbers based on it.

Keywords: gama function, negative continuation of function, complex continuation of gama function,
analytic function, residue theorem, euler formula of prime number, riemann hypothesis, riemann zeta
function equation, cauchy-riemann equation.
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. INTRODUCTION

It was revealed in the author’s first paper [1] that there were several serious mistakes in the Riemann’s
original paper to deduce the Zeta function equation in 1859.

1. An integral item around the original point of the coordinate system was ignored when Riemann

deduced the integral form of the Riemann Zeta function. This item is convergent when Re(s)>1

but divergent when Re(s)<l_ The integral form of the Zeta function has not changed the
divergence of its series form.
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2. A summation formula was used in the deduction of the integral form of the Zeta function. The
applicable condition of this formula is X = 0. At point * = 0 the formula is meaningless. However,

the lower limit of the Zeta function’s integral is X = 0 50 the formula can not be used.

3. The formula Q(X):\/;Q(I/x) of Jacobi function was used to prove the symmetry of the Zeta
function equation. The applicable condition of this formula is also X > 0. Because the lower limit

of the integralis * = 0 this formula can not be used too.
4. Due to these mistakes, the inconsistency is caused on the two sides of the Zeta function equation.

On the real axis of complex plane, the function equation holds only at point Re(s)=1/2

(s=a +lb). However, at this point, the Zeta function is infinite, rather than zero. At other points

of the real axis with 4#0 and £=0 , the two sides of the Zeta function equation are contradictory.
When one side is finite, another side may be infinite.

Therefore, the Riemann Zeta function equation does not hold, and the Riemann hypothesis is
meaningless. This is the fundamental reason why the Riemann hypothesis has not been proved for so
many years. At present, the zero calculations of the Zeta function are approximate due to the series
with different orders are used. The analytic property of the Zeta function is destroyed so that the so-
called zeros are not real ones.

In the author’s second paper [2], the Zeta function equation is assumed to be correct, a simple and
strict method is proposed to prove that the Riemann Zeta function equation has no trivial zero. The
method is to divide the real part and the imaginary part of the Zeta function equation completely. By

comparing the real part and the imaginary part individually, an equation set about #and b s obtained.

It is proved that the only solution of this equation set is @ = ¥27 and b=0 50 a=1/2 js not the non-

trivial zero of the Zeta function equation. If 4 #X2n four equations are obtained. It is proved that
these four equations are not independent of each other. To make them independent, the only way is to

C(1/2, 0) > oo

, rather than zero. Finally, the
comparing method of infinite series is used to prove that the Zeta function itself has no zero. Therefore,

let a=1/2 4pq b=0 However, in this case, we have

the Riemann hypothesis does not hold.

Because the Riemann Zeta function equation is based on the Gama function, the negative and complex
continuations of the Gama function are discussed in this paper. To do it, we need to define the

continuation of a function clearly at first. Assume that the function Si(x) has a clear definition in the

L

field ™ but it is meaningless in the field LZ. To make it meaningful in the field L2, the function should

be extended into J>(x) . The analytic continuation of a function should satisfy the following conditions.

L

1. After the continuation, the form of the function J2(x) in the field 2 should have something different from

the function Si(x) . Otherwise, the contradiction would be caused, and the continuation became meaningless.

L

2. In the original field ~1, the form of function J2(x) must be completely the same as the form of function
Si(x) , otherwise J2(x) can not be regarded as the continuation of S(x) .
3. Just for the sake of uniqueness, the continuation of function L) must be analytic, or the derivative of

function f>(x) exists everywhere. If it is a complex continuation, the Cauchy-Riemann equation must be
satisfied.
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The Gama function is a very important function with wide applications in pure mathematics and
practical problems. Some people think that its importance is only next to the trigonometric function
and the exponential function.

For example, based on the Gama function, the integral form of the Riemann Zeta function is
introduced. It is the basis of Riemann hypothesis problem. It is proved in this paper that the negative
continuation of the Gama function does not satisfy the condition 1 and leads to infinite. The single
complex continuation of the Gama function does not satisfy the condition 3, so it is not an analytic
function. But the double complex continuation of the Gama function satisfies all three conditions, so it
is an analytic continuation.

It is proved that the present complex continuation I['(s)['(1—s)=m/sinsmof the Gama function

complementary formula is wrong. It is the result directly let @a—>s in I'(@)l(1-a)=n/sinar. The
correct calculation result is

b
me’”

L()I(1-s)=-
sinar (1)

The result is a real number, rather than a complex number. The influences of these results on the
Riemann Zeta function equation and Riemann hypotheses are discussed in this paper. It is proved that
after Eq.(1) is used, the =zeros of the Zeta function equation are located on the points

a=%1/2, £3/2, £5/2--- the Riemann hypothesis is proved invalid from another angle.

The complex continuation of the Euler formula of prime numbers is discussed in this paper. It is
proved that after the Euler formula of prime numbers is extended into the complex number field, the
real part of the formula is different from the original Euler formula of prime numbers. Because it

sin(blnp,) and cos(blnp,)

contains the trigonometric functions which may be irrational numbers,

the extended formula does not describe the relation between natural numbers and prime numbers
again. Therefore, the complex continuation of the Euler prime number formula is meaningless in
number theory. We can not discuss the distribution of prime numbers based on it.

.  THE CONTINUATIONS OF GENERAL FUNCTIONS
2.1 The analytic continuations of real functions

As we knew that a function has its definition field in general. Out of the field, the function may be
meaningless. In order to make the function meaningful in the greater field, the continuation is needed.
The common example of a real function’s continuation is

i) =1+x+x" +x" +--- <1 (2)

Where ¥ € R is a real number. Eq. (1) is meaningful and limited in the field ‘x‘ <1. when ‘x‘ >1, the

function fl(x) — @ and becomes meaningless. On the other hand, we define

1
LW =1 x#1
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/>(x) is meaningful on the whole number axis except at the point x =1. At all points of the field with

|x‘ <1, we always have Si(x)=f2(x). By developing J2(x) into the Taiwan's series when ‘x‘ <1, we can

prove f(x)= f,(x) completely.

However, when |x‘>1’ Egs. (2) and (3) can not be equal each other. For example, let X =2, we have

1 and J.(<£)=—1. Because the definition field of /, is greater than that of J1\*), we consider
(@)= and f,(2)=-1.B he definition field of f>(X) is gr han that of J1(X) id
fl(x) as the continuation of fl(x) in the field with |x‘ > 1 and write two functions in the unified form as below

T+ x+x>+x" 4 x| <1
1-x

In general, a function can be extended in many different ways, resulting in different results. In order to
ensure the uniqueness, the continuation of function needs to meet the continuity condition, so that the
function can be differentiated everywhere. The continuation that meets this condition is called as the
analytic continuation [3].

It is important to emphasize that at every point in the small field where the original function is
meaningful, the value of the extended function should be exactly the same as the value of original
function, otherwise it is not the continuation of the original function. Meanwhile, in the extended field,
the form of the extended function must be different from the original function, otherwise the extension
of the function is meaningless [3].

For example, for Eqgs. (2) and (3), in the field ‘x‘ <1 where the original function makes sense, the values

of function J>(x) and Ji(x) must be the same at every point. Although their forms look different on the

surface, they are the same actually. In the field |x‘ >1 after the continuation, the forms of f,(x) and

fl(X) must be different. Otherwise fz(x) is still equal to fl(x) , which is no meaning.

It is difficult to find the form of analytic continuation of a function in practical problems. The analytic
continuations of some functions in existing mathematics are actually unsuccessful. As we see below, the
negative continuation of the Gama function violates the above principles. In the extended field, the
form of the function is exactly the same as the original function’s form, so it is still infinite and
meaningless.

2.2 The analytic continuation of complex function

Let Z=X%TWE ¢ be a complex number, a similar example of analytic continuation of complex function
is shown below.

F(z)=1-2"+z" =z +--. |Z|<1

1
1+2° z# i (5)

Fy(2)=

Fi(z) is an analytic function and convergent inside the unit circle but is divergent outside the unit
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circle without meaning. F,(z) is an analytic function meaningful on the whole complex plane except at

points z # +i,

To developing F,(z) into the Taylor's series of complex functions in the field |z|< 1, we can obtain
Fl(z) That is to say, two functions are completely the same. Since the definition field of F,(z) is larger
than F(2), Fy(2)can be regarded as an analytic continuation of F(z) over the entire complex plane
(except at points z # *i). Similar to Eq.(4), we write they in the unified form
-2+ =2+
F(z)={ 1 (z[<D)
1+ 7 (z #=£i) (6)

Similarly, within the extended field |Z| >1(z#=i), F/(z)and F,(z)are not the same functions, because

F(2) is meaningless in this case.

. THE NEGATIVE CONTINUATION OF THE REAL GAMA FUNCTION

3.1 The definition and character of the real Gama function

The original definition of the real Gama function is

[(a)= Je_'t“_'dt a>0
0 (7)

Here parameter a€R 5 a real number with @>0.If @<0 the integral of Eq.(7) is infinite and
meaningless. The Gama function has the following natures [3]

r)=1 rQ/2)=+r (8)
_TI'(a+1)
L@+ =al(a) F(a)= a (9)
F(n+l)=nt  (1=0,12 3 (10)
T(a)T(1—a)=—"
sinar (11)
I'Q2a)=2*"n""T(a)(a+1/2) (12)

According to the formulas above, the Gama function has no zero with I'(a) > 01in the field a > 0.

3. 2 The negative continuation of the Gama function does not hold.

According to the original definition, the Gama function is meaningless when a < 0. For example, when a =0,
Eq. (7) becomes

The Problems Existing in the Complex Continuations of Gama Function and the Euler Formula of Prime Numbers
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I'(0) = Ie_[t_‘dt = —Il‘_lde_" =77 + je—fdt—]
0 0 0 "

oo

=—il —I Yt dt =0—T(=1) > o
et|, 1% (13)
By the same method, it can be proved that
(-1 =M=@_)_
-1 -l (14)
r(=2) = ra-2) _ r'-n e
-2 -2 (15)

Therefore, when a=0, -1, =2, —3,-:-, we have ['(-a) — .

However, according to the present theory of the Gama function, as long as @ #0, =1, =2, =3,-- b

using formula (9), Eq.(7) can still be extended from the field ¢ = 0 to the field a'=—a <0, called the
negative continuation of the Gama function.We write it as

T'd-a) a#0, -1, =2, —3,--

Ha)=Ia)=——" (16)

For example, let a’=—1/2, according to Egs. (7), (8) and (16), we have [3]

r(-1/2) T(/2
Hev2)= (-1/2 = _(1/2):_2*/; (17)

Let a'=-3/2,according to Egs.(16) and (17), we have

1ﬂ(_?’/2)=l"(1—3/2)=l“(—1/2)=4\/; (18)
-3/2 (=3/2) 3

So, according to the present theory, after negative continuation, as longas a'=-a#0, -1, =2, -3,---,

the Gama function is still meaningful. The formula (16) appears in various textbooks and literature,
and be used widely in mathematics.

However, according to this direct negative continuation, the basic form of the Gama function has no
any change. It violates the first condition and is wrong. For example, to take a’'=—-0.3, according to the
original definition Eq.(7) and Eq.(16), we have

(-0.3) = —%F(l ~03)= —%r(m)

1 je ’1‘07 'dt J‘ w.sdefz
034 0.3

0
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T hadit| T na ed™
03¢7e |5 0.3%

= o+ j et dr = —0+T(=0.3)
0 (19)

So we get the absurd result ['(=0.3) = 0 +I'(=0.3) ,the result is meaningless. So Eq.(16) can not hold.
Again, to take a’ =—1.5, according to Eq.(16), we have

I'(-32)=T(-1.5)= —%F(l -1.5)= —%F(—O.S)

= —ije”t"’“dt _ L I 1 de™
157 157
1 1 —Lj.eftdfl's
157

1.5 "¢

0

— oo+ j et dt = —0+T(=1.5) (20)
0

We still get I'(—1.5) = -0 +I'(-1.5), which is completely different from Eq.(18). In fact in the general

situation, let @ >0, we have —a < 0. According to Egs.(7) and (16), the result is

F(al) — r(_a) = _lr(l_a) — _lj.e—ltl—a—ldt
a a

0

o0

= é;‘jf"de_’ =

17 _ a
— ——je’dt
ae't’|, a3

0

+ je"t_”_ldt =—00+1(-a)
t—0 0

1
ae't*

(21)

That is I'(—a) =—w+I(—a). Therefore, the negative continuation formula (16) of the Gama function
does not hold. The reason is that in the extend field, the form of the Gama function has not been
changed.

V.  THE COMPLEX CONTINUATION OF THE GAMA FUNCTION

4.1 The single complex continuation and the double complex continuation of theGama function.

Let @ >s=a+ibiy Eq. (7), the Gama function is extended from real field to complex field with

I'(s)= Texx“dx Re(s)>0 (22)
0
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We call Eq. (22) the single complex continuation of the Gama function. In the deduction of the integral
form of the Riemann Zeta function, the single complex continuation of the Gama function is involved.

According to the definition, the condition that Eq.(22) holds is R€()=a>0 Thatis 0 say, Eq.(22) holds
only on the right half side of complex plane. On the left half side of complex plane, it does not hold. However,
according to the present theory, Eq. (22) is actually considered to be valid on the whole complex plane except at

the points of negative integers with a =0, —1, —2, —3,---.. The reason is due to the following relation
[(s+1)=sT'(s) (23)

Let S =—S, we re-write Eq.(23) as

[(s"+1)

P =" Re(sh 20, -1, -2, - (24)

In this way, I'(s)is extended into the negative half plane with Re(s") <0. Similar to the negative

continuation of the real Game function as shown in Eq.(16), we call Eq. (24) the negative continuation

of the single complex Game function.

_ iblnx

By substituting X =e in Eq.(22) and separating the real part and the imaginary part, we have

0 ©
F(S) — J'efxxaflﬂbdx — J.efxxafleib Inxdx
0 0

= j e x"" cos(bInx)dx + ij e *x“"'sin(bIn x)dx
0 0

=T (a,b) +i [,(a.b) (25)

Here I'(a,b) and T',(a,b) are the real functions with

I(a,b)=[e"x" cos(bInx)dx  T,(a,b)=[e x*'sin(bInx)dx
0 0 (26)

It can be seen that I}(a,b) and I,(a,b)are not the originally defined Gama functions due to the

existence of the items €0s(bInx) and sin(blnx). A new parameter bis increased in Eq. (26), so it
becomes the function of double parameters. We can not call them the Gama function again. The

formulas (8) ~ (12) can not hold for them. They need to be proved again. Only when b =0, Eq.(25)
degenerates to the real Gama function.

If let x—>z=x+iyeC again in Eq.(22), we call it the double complex continuation of the Gama
function with

T(s)=[ez"dz

C (27)

The Problems Existing in the Complex Continuations of Gama Function and the Euler Formula of Prime Numbers
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In the deduction of the Riemann Zeta function equation, the double complex continuation of the Gama
function is involved. We will discuss them in Section 4.4.

4. 2 The negative continuation of the complex Gama function does not hold.
We now prove that the formula (24) of the negative continuation of the complex Gama function does

not hold on the complex half-plane Re(s") <0. Similarly, Eq.(24) can be written as

I'd- 1 7
I'(s"h=T'(—s)= d=s) = Ie_xxl_s_ldx
-5 -5
1 o0 1 o0 0
= —Ix‘sde‘x =—e x| ——|edx™
S 0 S 0 S 0
1 o0 o0
=—0/ + J.e’xx’s’ldx
se' x|, (28)
We have
X' =x" = xe™™ = x* cos(b1n x) + ix“ sin(b In x) (29)
When x — 0, we have Inx — —o0, but cos(blnx) and sin(bInx) are limited, so we have
1 |7 1 *
= - —> 00
se*x’ |, (a+ib)e*x"[cos(blnx)+isin(Inx)]|, (30)

From Eq.(28), we still obtain I'(—s) =00+I(—=s), the negative continuation of the complex Gama
function is also meaningless.

4. 3 The single complex continuation of the Gama function is not an analytic function

In the theory of complex function, the analytic property of function is very important. There are many
theorems which are effective only for analytic functions, such as the Cauchy theorem, the residue
theorem, and so on. These theorems do not work if the functions are not analytic ones.

To express the analytic nature, the real part and the imaginary part of complex function

f(s)= f(a+ib) should be separated. We write it as
Sf(s)=u(a,b) +iv(a,b) (32)

The real part (@:0) 104 the imaginary part v(a,b)

following Cauchy-Riemann equation [4]
w_ov v
da 0Ob cb oa (33)

are not independent, both should satisfy the

At present, the single complex continuation ['(s) of the real Gama function is considered an analytic
function. But it is not true. We prove it below.

Let u(a,0)=T(a,b) and v(a,b) = I,(a,b) in Eq.(25). If I'(s)is an analytic function, following relation
should be satisfied.

The Problems Existing in the Complex Continuations of Gama Function and the Euler Formula of Prime Numbers
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oa, o, o __d,
oa  ob oa  ob (34)

However, according to Eq.(26), we have

LS (a—1) I e “x" 7 cos(bIn x)dx Ao j e “x“"Inxsin(h1n x)dx
Oa ob
n 0 (35)
&L (a—1) I e *x“*sin(bIn x)dx &L J.e_)‘x"_1 In x cos(bInx)dx
da . ob (36)

It is obvious that Eq.(34) can not hold, so the Gama function I'(s) described by Eq.(25) is not an

analytic function on the complex plane $ =@+ ib
4. 4 The double complex continuation of the Gama function is an analytic function.

We prove below that the double complex continuation of the Gama function is an analytic function. We
write Eq.(27) as

T(s)=[e*z""dz = u(a,b) + iv(a,b)

c (37)
We have
Zsfl — (reiﬂ )a+ibf] — (elnreiﬂ )a71+ib — e(afl)lnrfbﬂei[blnr+(a71)9] (38)
e—zzs—l — eﬂ x+iy)Z(a+1'b)—l — e(a—])ln r—bB—xei[bln r+(a—1)0-y] (39)
= e(“"”'“r'bg""{cos(b Inr+(a—1)0 - y)+isin(blnr+(a—1)0 - y)} = A+iB
(40)
A= cos(bInr+(a —1)0 — y) 41)
B=e“ " gin(bInr +(a—1)0 - y) (42)
Here x =rcosf and y =rsin@. Then, we write Eq.(37) as
I'(s)= je*zﬂdz = j (A+iB)X dx+idy) = j(Adx— Bdy)+i j (Ady + Bdx) (43)
C C C C
and get
u(a,b) = [ (Adx - Bdy) v(a,b) = [ (Ady + Bdx)
0 0 (44)
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From Eq.(41) and (42), we have

a_A =ln re(a_l)lm_bg_x COS(b Inr+ (a - 1)9 - y)

Oa

_ 9 e(a—l)lnr—bg—xsin(b ln r+ (a — 1)9 — y) (47)
B _ Inr e ™ sin(bInr+(a—1)0 - y)

Oa

+ 9 e(a—l)ln r—b0-x COS(b lnr + (a — 1)9 — y) (48)
a_A =—0 e(afl)]nrfbéfx COS(b Inr+ (a - 1)8 - y)

ob
—Inre P sin(blnr +(a—1)0 - y) (49)
9B g e in(bInr + (a—1)0 - )

ob

+lnr e(a—l)lnr—bﬁ—xcos(b Inr+ (a — 1)9 — y) (50)

By considering Eqs.(47) ~ (50), we see that Eq.(33) can be satisfied. So Eq.(44) satisfies the Cauchy-
Riemann equation, the double complex continuation of the Gama function is an analytic function.

4.5 The product of the Riemann Zeta function and the Gama function is not an analytic
function.

The original definition of the series form of the Riemann Zeta function is

S(s)= gn"s Re(s) >1 51)

It is proved in [2] that Eq.(51) is an analytic function. Riemann obtained the relation between the
Riemann Zeta function and the complex continuation of the Gama function in his original paper in
1859.

s—1

[£e] x —
EWONE) = [——dx=1(5)

0 ¢~ (52)
We prove below that /(s) is not an analytic function about s =a+ib. By using x® = ¢”"*, Eq.(52) can
be written as
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@ xa—leiblnx © xa—l
I(s)=[~———dx == [cos(b Inx)+isin(b lnx)}dx
o oo el (53)
By separating the real part and the imaginary part, we get
w0 a-1 28 a1
u(a,b) = I xx cos(blnx)dx v(a,b) = I f sin(bIn x)dx
ve —1 € —1 (54)
So we have
@ a-2 Ll a-1
i =(a-1) )i cos(bIn x)dx ou = —J Jf In xsin(bIn x)dx
da e —1 ob ve =1 (55)
o0 a1 o _a-2
v = _[ al In xcos(bIn x)dx v =(a-1) x sin(hIn x)dx
ob e -1 ca e —1 (56)

It is obvious that Eqs.(55) and (56) are similar to Egs.(35) and (36). The Cauchy-Riemann equation (33) can

not be satisfied, so Eq. (52) is not an analytic function.
4. 6 The double complex continuation of I(s) function is an analytic function.

Similar to Eq.(27), let X = z=x+1y in Eq.(52) for the second complex continuation, we get

5

-1
dz
-1

1(s) > 1) = eZz

It is proved that the double complex continuation /, (8) is an analytic function. We have
s—1 — e(a—l)]nr—bﬂei[blnr+(a—l)6]

z

= =0 feos[bInr + (a —1)0 ]+ isin Je'lo a0 (58)

1 1 1

-1 &1 e*((cos y—1)+isin y)

_ ((cos y—1)—isin y)
e*((cos y—1)+isin y)(cos y —1)—isin y)

_cosy—l—isiny 1 . sin y

2¢*(1-cos y) 2¢*  2e*(cosy-—1) (59)

s—1 .
Z 1 . sin Dlnrbd i _
S [——— Yy (e(a Dinr=b@ ,ilbinr+(a 1)0])
2e 2¢*(cosy—1)
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-z _s-1 — eEI x+iy)Z(a+ib)—l — e(a—l)lnr—bB—xei[blnr+(a—l)9—y]

e’z (60)
= gla b0 {cos(b Inr+(a—1)0—y)+isin(bInr+(a—1)0 - y)} = A+iB
(61)
A= b0 og(blnr +(a—1)0 - y)
B=c“ " sin(bInr +(a—1)0 - y) (62)

Similar to the calculations of Eqs.(47) ~ (50), it can be proved that Eq.(33) can be satisfied, so the

function Z,(S)described by Eq.(57) is an analytic function. Riemann used it to calculate and deduce the
Zeta function equation.

V. THE COMPLEX CONTINUATION OF COMPLEMENTARY FORMULA OF GAMA
FUNCTION

5.1 The complex continuation of complementary formula of the Gama function does not hold

Suppose that a is a real non-integer number with 0 <a <1, it can be proved to exist the following
formula [4]

o X+1 sinarmr

(69)

Though the formula is defined in the real field, it needs to use the Residue theorem of complex function

to prove. Let s=a+ib  the complex continuation of Eq.(69) is considered to directly let @ =5 in
Eq.(69) at present and get

o _s-l
J- X o = T
%+ sin sz 70)
Correspondingly, the complex continuation of Eq.(11) is considered to be
/s
'srad-s)y=—-—
( ) ) SIN ST O<RC(S)<1 (71)

Eq. (71) was used when Riemann deduced the integral form of the Zeta function in his original paper in
1859.

It is proved below that Eq. (70) does not hold, so Eq.(71) does not hold too. We write the left side of
Eq.(70) as

s-1 o _g+ib-1 © __ag-1_ibInx
I X = I al de=[ 25— ax
x+1 o Xx+1 X+l
o) xa_l o xﬂ—]
= I cos(hInx)dx+ iJ. sin(h In x)dx
5 xtl % +1 (72)
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According to the Euler formula, we have

ef ="t =g (cos a-+isin a) (73)
i(atib) _—i(atib) -b - b . .
) . —e e ’(cosa+isina)—e’(cosa—isina
sin(a +ib) = - = ( ) : ( )
2i 2i
_ —(e"—e")cosa+i(e’ +e")sina
2i (74)
T 2

bm

sin(@+ib)r  — ("™ —e " )cosar +i(e” +e " )sinan

B 21(e" +e "™ )sinarn . 2n(e” —e "™ )cosarn
e e 4 2sin*am —cos*ar) e +e " +2(sin’ am —cos” an) %)
If Eq.(70) holds, by comparing the real parts and the imaginary parts of Eq.(72) and (75), we have
w  g-1 br =bry
2r + sinar
J. : 1cos(b Inx)dx=— —Zb(f 2 e. z) ) 2
i e +e T +2(sin" ar —cos” ar) (76)
Tt —2n(e"™ +e")cosan
I 1sm(b Inx)dx =— 7255 2(sin? ) 2
e e +e " +2(sin" ar —cos” ar) 77)
Let =0 in Eqs.(76) and (77), we get
T x! o Arsinarn o
- ) 2 - .
o Xx+1 2(1+sin" ar —cos” arx) sinan (78)
B —4ncosar __mcosarn
2(1+sin’ am —cos® ar) sin®an (79)

Eq.(78) is completely the same as Eq.(69), but Eq. (79) can not hold when a# (2n+1)/2. Where is
wrong? Let’s analyze it below.

5.2 The correct calculation of complex continuation of complementary formula of the Gama
function

At present, the Residue theorem is used to calculate Eq.(69). Let’s repeat this calculation at first.
Suppose that € is a real non-integer, we consider the integral of complex function below with

O<argz <27 [4]

T(a)=[z"'0(=)dz (80)

C

Here Q(z) is a single value and analytic function everywhere except at several isolated singularities.

There are no singularities on the positive real axis. When |Z’ — 0 and |Z| —> 0, z“Q(z)| tends to zero

consistently.
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Ci Cs

Fig.1: The contour of residue calculation

The integral contour C of residue calculation is shown in Fig.1. It stars off from the point z=x=4¢ on

the above positive real axis, goes along the positive real axis and arrive at point A with x=R. Then

goes along a big circle Cowith radius and comes back to point B on the down positive real axis. Then

goes along the negative direction of real axis and arrives at point ¥ = 5. At last, goes around the small

circle Cs and reaches the starting point.

Therefore, the integral of Eq.(80) can be written as

Iza_lQ(z)dz = ]Eza'lQ(z)dz + jza'lQ(z)dz = Tz”]Q(z)dz + :“Z‘HQ(z)dz

=(1—e?"" )I 27'0(z)dz + Iz“_lQ(z)dz + Iz“_lQ(z)dz
S C Cs

London Journal of Research in Science: Natural and Formal

(81)
By using the Residue theorem, we have
J.z‘HQ(z)dz = iZEZres{z”’]Q(z)}
c (82)
Because of |Z”Q(Z)’ — 0 when |Z| =0 —0 and ‘Z| =R — ®©, we have,
j 2700z >0y j z2'0(2)dz — 0
Co Cs (83)
Based on the formula above, we get from Eq. (82)
£ K i2m
J270@Mz > [x 0G0y =L 3 resle ()]
5 0 ¢ (84)
Let OQ(z)=1/(1+z), thereis an unique singularity z =—1= ¢ on the real axis. The residue is
Za—l i
zres{za—IQ(Z)}: res ’ — Za—l — et(a—l)/z
(1+ Z) 7=e'” z=e'™ (85)
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Substituting it in Eq.(84), we get the current result with

@K xafl d B Zmei(afl)fr B l-zneﬂ':'r _
I = i2ar ~ _-ian i2am ~ _—iamw iarn

o 1+x 1-e e'"—e e —e sinam (86)

-2 0z

Iflet a—s=a+ib, it is impossible to let SINAT —>SINST op the right side of Eq.(86). It needs to be

calculated again. Let

0,(b,z) =cos(bInz)/(1+z)  O,(h,z)=sin(bInz)/(1+z) (87)

T(a.b)=[z"'Q b2}z T(a,b)=[z"0s(b,2)z
¢ ¢ (88)

When |Z|:5 — 0and |Z|=R —>©, cos(blnz)and sin(bInz) are uncertain values. But we still have

z'0, (Z)\ — 0 still hold. We can

|Cos(b1nz)| <1 and ‘COS(b 1nz)| <1, so the conditions |ZHQ1 (Z)‘ —>0 and

still use the Residue theorem. For T,(a,b), similar to Eq.(85), we have

. z7'Q,(b,2)dz = Zres{z“’]Ql (z)}= z" " cos(bInz)

27y, in

z=e

b —bm
i(a-1)m e +e

=e"“Vcos(blne™) =e"“cos(ibr) =e = (89)
For T,(a,b), the result is
1 ]
o [270,(b.2)dz = Y resiz"'0,(2)} = z* 'sin(bInz)
C Z=ei7{
) ) ) ) e-b:r _ebﬂ
=" gin(bIne™) = ¢“ Vsin(ibn) = £“ " :
2i (90)
The last result is
o a-1 . br -brx br -brx
—i2 + +
[ —cospmuodr=— T _C te T € te (o1)
o 1+ x e —e 2 sinarx 2
o g-1 . br -br br ~br
. —i2 + -
[F—sin(pnxdx=—"_"% - % £ =° (92)
1+ x et —e" 2 sinarz 2i

0

When b=0’ Eq.(91) is consistent with Eq.(78). Eq.(92) is equal to zero. The contradiction shown in
Eq.(79) does not exist again. Eq.(70) becomes

Tx dx = dx= & +1

s—1 wxaﬂb*] eb:r +e*bn ‘ebn _efbir n.eb;'r
x+1 5 x+1 sinam 2 2i

0 Smarm (93)

The result of integral is a real number, rather than a complex number. The complex continuation

formula (71) should be changed as
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bﬂ'

O<axl
sinar (94)

r'(s)ra—s)=
It is also a real number, rather than a complex number.

It should be noted that Eq. (94) holds only when 0<a <1, Beyond this condition, Eq. (94) is still
invalid. Eq. (71) was used when Riemann derived the Zeta function equation. These two results will
have a great influence on the Riemann hypothesis problem.

VI.  THE COMPLEX CONTINUATION OF THE GAMMA FUNCTION MULTIPLIER PRODUCT
FORMULA.

The multiplier product formula of the Gama function is [4]

T (a+1/2)=27%"T(2a) a>0 (95)
According to the current theory, the complex continuation of Eq.(95) is directly written as

C(s)[(s+1/2)=272*""T(2s) (96)

Eq.(96) is regarded to be tenable on the whole complex plane. But there is no basis for this result
actually. By using the definition of the Gama function, Eq.(95) can be written as

J‘Ie—<x+y)xa—1ya—1/2dxdy _ 2—(2a—1)J‘e—xx2a—1dx ©7)
00 0
By substituting s =@ +ib in Eq.(96) and considering x™ = ¢ ™" = cos(b1n x) —isin (blnx), the results

are

JI ~(x4y) yal y ”Z[cos(blnx)cos(blny)—sin(blnx)sin(blny)}dxdy
i J‘ J‘ e () el et 2{sin(b Inx)cos(bIn y)+sin(bln y)cos(bIn x)}dxdy
00
_y-Ca- 1){005(251112)'[ e 'cos(2blnx)dx+Sln(2bln2)I xR ]Sln(2blﬂx)dx}

+i27% ”{cos(Zban)J- “*x*'sin(2b In x)dx — sm(2bln2)J. X Icos(2blnx)aix]

(98)
By separating the real part and the imaginary part, Eq.(98) becomes
j j ) ya-tya- "2[cos(b Inx)cos(bln y)—sin(bInx)sin(hIn y)}dxdy
(2a-1) x 2a-1 ﬂc 2a-1
=2 [cos(Zb In 2)j cos(2b1n x)dx + sin(2b1n 2)_[ sin(2h1n x)dx}
(99)
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J' J‘e_(x+y) o ya—]l2|:sin(b Inx)cos(bln y)+sin(bln y)cos(bln x)]dxdy
00

= 2(2"”{005(26 In 2)J-e’xx2“’lsin(2b In x)dx —sin(2b1n Z)Jefxxz"’lcos(Zb In x)dx}
0 0 (100)

The status of Eqs.(99) and (97) are equivalent, but they are different when b #0. Eq.(97) needs proof
but we have no at present. And so do for Eq.(100). So the complex continuation formula of the gamma
function multiplier product is generally incredible. Because the double integrals are involved in the left
sides of Eq.(99) and (100), the calculations are complex, they will be discussed in a separated paper.

VIl.  THE COMPLEX CONTINUATION OF THE EULER FORMULA OF PRIME NUMBERS

The Euler formula of prime numbers is

€0

S =il p)'

n=1 k (101)
)
Here 2> is a real number,n=1, 2, 3, 4---is nature number and P >33, 7, is prime number.
o P =1pr<]
They are all positive integers. By considering , we have
1 —a —2a —3a
1 —=l+p T p
— D (102)

By developing the multiple products on the right side of Eq.(101) , it can be written as

oo

D=1+ p 4D (pp) + D (ppep)
k

n=1 J<k J<k<l

+ (P P+ (0 e+ D (e e e )

Jj<k J<k Jj<k<l

+ (PP e+ D (e )+
j<k<l J<k<l (103)

Riemann extended the Euler formula of primes number into the complex field and write it as

Z_.:n ) 1;[(1 ) (104)

Here S=a+ib js 4 complex number. It should note that the Riemann’s complex continuation is only a
hypothesis without strict proof. It is proved below that this complex continuation has no meaning in
the theory of prime numbers for it does not describe the relation between prime numbers and natural

numbers again.

Lets =a+ib in Eq.(104), we have
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oo

—(a+ib) —11l1 = -—(a+ib) 1
Z” Pﬂ( ! T (105)

—iblnn

By using n’=e =cos(bInn) —isin(blnn), the left side of Eq.(105) can be written as

1
2a+ib + 3a+ib +eoot naﬂ'b L

PRI

n=1
=1+2""cos(bIn2)+3 “cos(bIn3)+---+n “cos(blnn)+---

- (2"’ sin(bIn2)+3“sin(bIn3)+---+n “sin(blnn) +- ) (106)

The right side of Eq.(105) becomes

- p ") =14 Y p;{cos(b In p,)—isin(bIn pk)}
k

Pk

+ Z(pjpk)"“ {cos(b Inp;)—isin(bln pj)}{cos(bln p)—isin(bln p, )}

Jj<k

+ Z(pjpkpl)_“[cos(bln p;)—isin(blnp.)

Jj<k<l db

cos(bln p,)—isin(bln p, )}

x {cos(bln p)—isin(bIn pz)} +4 > (p;2 pe®)| cos(2bIn p ) —isin(2bIn pj):|

Jj<k

{COS(bln p)—isin(bIn pk)}--- (107)

By separating the real part and the imaginary part of Eq.(105), we get

London Journal of Research in Science: Natural and Formal

1+2 “cos(bIn2)+3“cos(bIn3) +---+n “cos(blnn) +---=1+ Z picos(bln p,)
k

+ z (p;p)™ [cos(b In p;)cos(bln p;)—sin(bln p;)sin(bln p, )}

Jj<k

+ Z(pjpkpl)‘“ {cos(b In p;)cos(bln p,)—sin(bln p;)sin(bIn p, )} cos(bln p,)

J<k<l

+ [cos(b In p;)sin(bIn p,)+sin(bln p;)cos(bIn pk)} sin(bIn pl)} +---

+>(p) p,:“)[cos(Zbln p,)cos(bln p,)—sin(2bIn p,)sin(bln pk):l 4o (108)

Jj<k
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27sin(bIn2) + 3 “sin(bIn3) +---+n “sin(blnn) +--- = z psin(bln p,)
k

+ Z(pjpk)‘“ [cos(bln p;)sin(bln p,)+sin(bln p;)cos(bIn p, )}

Jj<k

+ Z(pjpkp,)“{[cos(bln ppsin(bln p)+sin(bln p;)cos(bIn p, )} cos(bln p,)

Jj<k<l

+ {cos(b In p;)cos (bln p,)—sin(bln p;)sin(bIn p, )} sin(bIn pl)} +...

~2a - . . (109)
+Z(pj ‘)| cos(2bln p;)cos(bIn p,)—sin(2bIn p)sin(bln p, ) |+---
ik

All quantities in Eqs.(108) and (109) are real numbers. But Sin(blnpj) and COS(blnPj) are not
integers in general. They may even be irrational numbers which can not be represented by the addition,
subtraction, multiplication and division of two integers. So these two formulas do not describe the
relation between nature numbers and prime numbers.

The status of Eq.(108) and (103) are parallel, but they are obviously different. Eq.(101) was proved
strictly by Euler. Eq.(108) was based on the complex continuation of Eq.(101) proposed by Riemann
without any proof. Because Eq.(108) does not describe the relation between natural numbers and
prime numbers, and contradicts with Eq.(103), it is meaningless. Eq.(109) has no basis and proof too.
We has no reason to think it is correct.

Therefore, the complex continuation of the Euler formula of prime numbers has no meaning actually.
The theory of prime numbers based on this formula can not be correct.

VIIl.  THE INFLUENCE ON THE PROBLEM OF THE RIEMANN HYPOTHESIS

8.1 The deductions of integral form of the Riemann Zeta function and the Zeta function
equation

Based on the complex continuation form of the Gama function, Riemann deduced the integral form of
Zeta function [1, 6]. Let X — 17X in Eq.(22), the result is

I'(s)= Te_(”x) (nx)"~'d (nx)

= nsje’”xé"]dx
0 (110)

Taking the summation of Eq.(110), Riemann get

(in—s }F(S) - ife—u‘rxs—ldx :T[ie—u\' ]xs—ldx

n=l1 n=l g 0w on=l

(111)

Then, Riemann used the following summation formula of series (The original paper of Riemann had
not provided this formula but used it actually.) [8].
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e’ 1 (112)

By substituting Eq.(112) in Eq.( 111), Riemann obtained

(in—Sj]“(s) =T ledx Re(s) > 1
n=1 0 e —

To calculate Eq.(113), Riemann extended the integral of real number ¥ to the field of complex number

with Z=X+1iy € C and defined the function 1(z)

(113)

I(s)= _[ (—zzivl dz Re(s) #1

e (114)

Eq. (114) is just the double complex continuation of Gama function. The definition domain of function

I(s) was extended into whole complex plane except at the point Re(s)=1, rather than original
Re(s)>1.

Fig. 2: The integral path of Riemann Zeta function

The path of integral started from * =% to x=0 along the straight line B under the X -axis. Here g

2 2
was a small quantity. Then the path was along the circle {2 with radius Xty =90 around the
original point of the coordinate system. At last, the path was from X=0 (o x>® along the straight

line 4 above the X - axis.

According to Fig. 2, Eq.(114) contains three items.

o sl sl © sl
I(s)=j( x) dx+_[( 2) dz+j( x) dx
© e -1 e —1 s e —1

(115)
Riemann’s paper provided the following result without concrete calculation [1]
. 2 xs_l
I(s)=(e™ —e"™ [ —dx (116)
ve —1
It indicated that Riemann assumed that the medium item on the right side of Eq.(115) was zero
(_Z)Sfl B
i—ez—l dz=0 117)
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By using the Euler’s formula

—— = sin(7s)
2i (118)

and substituting Eqs.(116) and (118) in Eq.( 113), the result was

I(s)=1i2 sin(ns)l"(s)i n’

(119)
By using the complementary formula of the Gama function
T(s)(1—s5)= —~
Sll‘l(ﬂ:S‘) (120)
and considering Eq. (114), Eq. (119) can be written as
kel 1 F 1_ _ sl
Zn-s =— (S) = ( S)J-( _Z) dz
o i2sin(7s)['(s) 2m 5 e -1 (121)

Riemann used the method of contour integral and the residue theorem, and obtained the integral

s—1 ©
L.[ (-2) dz = 202 Sin@zn—(l—s) (122)
2721 eZ -1 2 n=1
Eq.(121) becomes

> n7 =2Q2x)'T(1-s)sin %Z n 0
n=1 n=1

(123)
By considering the original definition of the Riemann Zeta function
{)=2n"  L-s)=3n "
n=lI n=l1 (124)
the Riemann Zeta function equation was obtained.
s—1 . TS
£(s)=2Q2r)" T'(1—s)sin—{ (1—5)
2 (125)

Eq.(125) describes the relation between g(s)andg(l_s). Then, Riemann introduced the
transformation [1,4]

1 ) Ky
E(s)=—s(s— l)ﬂ“"zr[—]é ()
2 2 (126)

and proved the follow symmetry relation
E(s)=¢&(1-s) (127)

Since the functions &(5) and &(s)have the same zero, based on Eq.(126), Riemann proposed the

hypothesis that all non-trivial zeros of Zeta function lie on the straight line of s=1/2+ib.
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At present, it is generally believed that after the Riemann complex continuation, the right side of
Equation (125) becomes a new definition of Zeta function, so the left side of Eq.(125) is no longer in the
form of Eq. (124). However, this is not the case because to get Eq. (125) from Eq. (123), Eq. (124) must
be used. It must be remembered that the prototype of Eq. (125) is Eq. (123). Equation (125) is only a
symbolic simplified representation of Eq.(123). This is very important in the discussion of consistency
problem of the Zeta function equation.

8.2 The problems existing in the Riemann'’s deduction of the Zeta function equation

There are many problems in Riemann's original paper in 1859 on the derivation of the Zeta function
equation, which the author had discussed in detail in the paper [1]. The most critical one is that the
middle term on the right side of Eq.(115) was missing. So Eq.(117) is not equal to zero in general. The
calculation result is as follows

‘[ (_ZZ)H dz = 6" cos(n:(a —1)): Qo)
a-l (128)

If Re(s)=a>1, when§ — 0, we have Q(6) — 0, which is the result in the Riemann’s original paper.

However, if Re(s)=a <1, whend =0, we have Q(5)—>00. The right side of Eq.(115) becomes
infinite.

Therefore, the integral form of the Riemann Zeta function does not change the divergence of its series

summation form. The Riemann Zeta function equation is meaningless in the field Re(s)=a <1. Since

the Riemann hypothesis involved the values at the points Re(s)=1/2 <1, the result of Eq. (128) makes
the Riemann hypothesis meaningless.

This result also explains why the two sides of the Riemann Zeta function equation (125) are
inconsistent [2]. And why the Riemann hypothesis is so hard to be proved, because the Zeta function
equation itself doesn't hold.

In the proof of Eq. (127), Riemann also used a formula of Jacobean function Q(X):J;Q(l/x). The
formula is also tenable when x>0. If x=0, the formula doesn't make sense. So Eq.(127) is also

problematic because the lower limit of integration is x =0in the calculation process, so this formula
cannot be used [1].

In addition, there is another problem that has not been found in the author's paper [1]. Here is a
supplement. To derive the formula (111), the order of integral sign and summation sign needs to be
exchanged. The condition of interchangeability is that the integrated function is converges uniformly
[9]. Since the lower limit of integral is zero, it leads to singularity. The integrated function can not be

converges uniformly at point ¥ = 0 5o the integral sign and the summation sign in Eq. (111) cannot be
exchanged. We have

(S0 fome a5

(129)

Therefore, we can not obtain Eq.(113) form Eq.(111).

The key problem is caused by the use of summation formula (112), which is meaningless under
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conditions x =0. However, the integral lower limit of the Zeta function is zero, which leads to the
above problems and makes the Riemann Zeta function equation and the Riemann hypothesis
meaningless.

8.3 The influence of the calculation in this paper on the Riemann Zeta function equation
The influences of the calculations in this paper on the Riemann Zeta function equation are below.

1. According to the calculation in Section 4.3, the single complex continuation of the Gama function is
not an analytic function. Therefore, Eqs. (110) and (113) are practically meaningless.
2. Because Eq.(120) does not hold, we can not get Eqs.(122) and (123). Eq.(121) becomes

in_s_ ) _sinml(-s) (2"

o 2isinml(s) 2ime™sinms | e -1

sinzml'(1-s) 4. T e
=~ 20@n 'sin—>» n "
e™ sin 7s 2 nzz:‘

Qo sinml(1-5) & sy (130)
_en S
e™cos(ms/2) =1

Correspondingly, Eq.(125) becomes

Q) sin ml(1-s)
e™cos(ms/2)

c(s)= S(l-ys) (131)

If we still use the transformation (126), the symmetry of formula (127) does not exist, there is no

symmetry of formula (127), we have &(s)# E(1—s). Because an infinite item is missing, Eq. (131) is still
inconsistent and meaningless.

If the missing of the infinite large terms is not taken into account, we suppose that Eq. (131) is correct.
According to the understanding of existing theory, the right side of Eq. (131) is regarded as a
redefinition of the Riemann Zeta function, then we discuss its nontrivial zero problems.

According to the standard method proposed in the author’s paper [2], the real and the imaginary parts
on both sides of Eq.(131) are completely separated, then comparing them. It can be strictly proved with
£(1-5)#0, so the zeros of Eq.(131) are located at the points satisfying sinma=0. They are
k=0, +1, £2,--+)

_ 2k+1
)

(132)

a :il’iéyi
2 2

N | L

No matter whether they are nontrivial zeros or not, the Riemann hypothesis is proved untenable again.

IX.  CONCLUSIONS

In this paper, it is proved that the negative continuation of the Gama function in the real number field
is still infinite according to the direct continuation method. The reason is that the form of the Gama
function has no any change in the extended field. The single complex continuation of the Gama
function does not satisfy the Cauchy-Riemann equation, so it is not an analytic function. But the double
complex continuation of the Gama function satisfies the Cauchy-Riemann equation, so it is an analytic
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function. The complex continuation of the complementary formula of the Gama function is proved to
be wrong, and the correct calculation result is given in this paper.

The paper also discusses the complex continuation of the Euler prime formula, and proves that the real
part of the formula is different from the original Euler prime formula after the continuation. So it no
longer represents the relationship between natural numbers and prime numbers. Therefore, the
complex continuation of the Euler prime number formula is meaningless in mathematics. We can not
discuss the distribution of prime numbers based on it.

At the end of this paper, we discuss the influence of the calculation results on the Riemann Zeta
function equation and the Riemann hypothesis, and prove again that the Riemann hypothesis does not
hold from another angle.
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